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Abstract

This paper investigates new hierarchical frameworks in mathematics by extending the notion
of classical structures. A Structure refers to an arbitrary mathematical framework, including
but not limited to those from Set Theory, Logic, Probability, Statistics, Algebra, and Geome-
try. A HyperStructure generalizes classical algebraic structures by replacing the underlying
set S with its powerset £2(S), where hyperoperations combine subsets into (possibly new)
subsets, enabling the expression of higher—order relations. A SuperHyperStructure further
extends this idea by recursively applying the powerset construction, capturing increasingly
complex hierarchical interactions.

In addition, we introduce and study the concepts of MetaStructure, Iterated MetaS-
tructure, Meta-HyperStructure, and Meta-SuperHyperStructure. A MetaStructure treats
entire mathematical structures as objects, with meta-operations producing new structures.
An Iterated MetaStructure arises by repeatedly applying the MetaStructure construction,
thereby forming hierarchical layers where structures of structures yield progressively deeper
meta-level frameworks. These approaches allow various mathematical and scientific con-
cepts to be unified and generalized from a meta-level perspective, offering a systematic
foundation for exploring higher-order structures across diverse fields.

1. Preliminaries

This section presents the fundamental concepts and definitions that underpin the discussions in this paper. All concepts considered in this

paper are assumed to be finite.

1.1. Classical Structure

In this paper, the term Structure refers to an arbitrary mathematical structure, including but not limited to those from the domains of Set

Theory, Logic, Probability, Statistics, Algebra, and Geometry.

Definition 1.1 (Classical Structure). [/] A Classical Structure ¢ is a mathematical structure drawn from one of various domains—such as
Set theory, Logic, Probability, Statistics, Algebra, Geometry, Graph theory, Automata theory, Game theory, etc.—and can be formalized as a

pair
¢ = (H7 {#<m) }meﬂ)?

where:

e H is a nonempty set (the carrier or universe).
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* For eachm € 9 C Zx, there is an m-ary operation
#m gm 5 g
subject to specified axioms (e.g., associativity, commutativity, identity laws) depending on the particular type of structure.
We say that € is of type {#"): m € #'}. Examples include:

* A Set (S, @) viewed as a carrier with distinguished elements or relations, but no additional operations[2].

* A Logic (L, A,V,—), where A\ and \/ are binary connectives and — is a unary connective satisfying logical axioms.
* A Probability structure (Q,.%,P), where P : F — [0, 1] is a measure on a sigma-algebra & C 2(Q) [3, 4].

* A Statistics model (X, .27, 0), where 0 maps data X to statistical parameters(5, 6].

* A Algebraic structure:

— A Group (G, *) with * : G x G — G satisfying associativity, identity, and inverses[7].
— A Ring (R,+, x) with two binary operations satisfying ring axioms[8].
— A Vector Space (V,+,-) over a field F, where - : F xV — V[9, 10].

* A Geometric structure (X, dist), where dist : X x X — R satisfies the metric axioms.

* A Graph (V,E), where E C {{u,v} | u,v € V} in the undirected case (or E CV XV in the directed case), with additional notions of
adjacency and incidence[11-13].

e An Automaton (Q,X,8,qq, F), where Q is a finite set of states, . is an input alphabet, § : Q X £ — Q is the transition function, gy € Q
is the start state, and F C Q is the set of accepting states[14, 15].

* A Game (N,{A;},{u;}), where N is a set of players, A; is the action set for player i, and u; : []jenyAj — R is the utility (payoff)
function for player i.

1.2. Hyperstructure and SuperHyperStructure

Many mathematical and real-world concepts exhibit inherently hierarchical structures. To capture and represent such multi-level relationships
in a clear and systematic way, the notions of hyperstructure and superhyperstructure have been introduced. A hyperstructure generalizes
a classical algebraic structure by replacing the underlying set S with its powerset Z(S); hyperoperations then combine subsets into
(possibly new) subsets, enabling the expression of higher—order relations [16-20]. Related concepts include HyperFuzzy Sets [21-23],
HyperAlgebras [24, 25], Chemical HyperStructure [26-30], and HyperGraphs [31-34].

Definition 1.2 (Base set). [35] Let S be a nonempty set, called the base set. Equivalently,
S = {x | x is an element of the underlying universe }.

All further constructions—such as & (S) or its iterates 2, (S)—are formed from elements of S.

Definition 1.3 (Powerset). [2] The powerset of a set S, denoted P (S), is the collection of all subsets of S:
P(5)={A|ACS),

including both the empty set O and S itself.

Definition 1.4 (Hyperoperation). (cf. [18, 36, 37]) A hyperoperation is a generalization of a binary operation in which the result of combining
two inputs is a set (not necessarily a singleton). Formally, for a set S, a hyperoperation o is a map

0:SxS§— Z(S).
Definition 1.5 (Hyperstructure). (cf. [38—42]) A hyperstructure replaces the base set S by its powerset and is given by
H = (2(5),0),

where o is a hyperoperation acting on subsets of S (i.e., o : P(S) x P (8) — L(S)). This framework allows one to combine collections of
elements into other collections.

Example 1.6 (Retail co—purchase expansion (recommendation closure)). Let S be the set of all products in an online shop. From historical
baskets, mine a directed co-purchase relation R C S x S where (x, p) € R means “customers who buy x often also buy p.” For X C S define
the (deterministic) closure

Clp(X) :=X U{peS|3IxeX: (x,p) ER}.
Define the hyperoperation on subsets
o P(S)x P(S) — Z2(S), AoB := CIr(AUB).

Then € = (@(S),O) is a hyperstructure: inputs are collections of products, and the output is the expanded collection produced by
combining and closing under co—purchase. The operator Clg is extensive, monotone, and idempotent, hence o inherits natural stability
properties.

Toy computation. Let

S = {laptop, mouse, bag, coffee, mug}
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and

R = {(laptop, mouse), (laptop, bag), (coffee, mug)}.
For A = {laptop} and B = {coffee},

Ao B = Clg({/aptop, coffee})

= {laptop, coffee, mouse, bag, mug}.

Thus the hyperoperation bundles two customer segments and deterministically yields the combined,
recommendation—expanded shelf.

Example 1.7 (Transit coverage with one transfer (two—hop neighborhood)). Let S be the set of city blocks (or stops) and let G = (S,E) be
the undirected adjacency graph encoding walkability or same—line connections. For X C S, define the radius—r neighborhood

Ny(X) := {y € S|3x € X with graph distance dg(x,y) <r}.
Model two services (e.g. bus and bike—share) by A,B C S (their initial coverage). Define the hyperoperation
o P(8) x 2(8) = 2(S), AoB := N>(AUB),

i.e., “combined coverage after allowing a single transfer” (two hops). Then 7 = (Z(S),0) is a hyperstructure that maps two coverage
regions to the deterministically induced two—hop service area. Note that o is monotone and idempotent (AoA = N, (A), and N»(N(A)) =
N> (A)).

Toy computation. Let S = {1,2,3,4,5,6} with edges E = {{1,2},{2,3},{3,4},{4,5},{5,6}} (a path). For A = {2} (bus) and B = {5}
(bike—share),

AoB= NZ({275}) = {1727374>576}7
so allowing at most one transfer from either service covers the whole corridor.

A SuperHyperStructure extends the concept of a hyperstructure by recursively applying the powerset construction » times. In this framework,
operations act on nested collections, thereby enabling the modeling of hierarchical, multi-level interactions [18, 20, 43—46]. Related notions
in the literature include the SuperHyperGraph [47-49] and the SuperHyperUncertain Set [50-53].

Definition 1.8 (Iterated powersets). (cf. [25, 38, 43, 54]) For n > 1, define recursively
P1(8)=2(S),  Pus1(S) = P(Za(9))-

Similarly, the nonempty iterated powersets are
P18 =2\ {0}, Z5.4(8)= 2" (75(5)),

where 7%(X) = 2(X)\ {0}.

Example 1.9 (Iterated powersets in a photo—album app (real-life model)). Fix a finite base set of digital photos
S={p1,p2,P3, P4}

In a typical photo application:

* Elements of the powerset Z(S) are albums (each album is a subset of photos).
* Elements of the iterated powerset 7% (S) = Z(P(S)) are curated groups of albums (e.g., “Summer Trips”).
e Elements of P3(S) = P2(5(S)) are collections of curated groups (e.g., a publisher’s multi—curator bundle).

Concrete instance. Define albums (elements of Z(S))
A={pi.ps}, B={p}, C={p2,p3}.
Define curated groups (elements of 225(S))
G={A,C}, H={B,C}.
Finally, define a collection of curated groups (an element of %3(S))
¢ ={G,H}.
Flattening (“view as photos”). There are natural flattening maps (unions):

U: 2205 —2), Us = JA U: 26— 29, U= J e

Ac® Be?

For our data,

UG=AauC={p1.p2,p3,p4}, |JH=BUC={ps,p3},

J% =GUH ={A,B,C} € 25(5), U(U¥€) =AUBUC ={p1.p2,p3,p4}-
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Operations at different levels. Set operations act at their respective levels and need not “collapse” types:
GnH={Che 2(8),  UGnH) =\ J{C}=C = {p2.p3}.

By contrast,
UG N(JH) ={p1,p2,p3.p4} N {p2,p3} = {p2,p3},

which matches | J(GN H) but lives in & (S) (photos level), not in 2 (S) (albums level).
Interpretation.

e S: individual photos.

o P(8): albums (each album is a subset of photos).

o P(S): curated groups of albums (e.g., by theme, trip, or project).

o P3(S): higher-level bundles (e.g., publisher packs combining multiple curators’ groups).

This faithfully models a real workflow where users manipulate photos, albums, and collections—of—albums. Iterated powersets capture these
layers without losing the distinction between “photo-level” and “album—level” operations.

Definition 1.10 (SuperHyperOperation). [38] Let H be a nonempty set. Define recursively, for each integer k > 0,
P°%H)=H, 2"\ (H)=2(P"H)).

Fix m,n > 0. An (m,n)-SuperHyperOperation is a map
olmn) g™y pI(H),

where P['(H) denotes the n-th iterated powerset of H, either excluding the empty set (classical type) or including it (Neutrosophic type). In
the former case we call olmn) 4 classical-type (m,n)-SuperHyperOperation; in the latter, a Neutrosophic (m,n)-SuperHyperOperation.

Definition 1.11 (SuperHyperStructure of order (m,n)). (cf. [18, 55-57]) Let S be a nonempty set and m,n > 0. A (m,n)-SuperHyperStructure
on S of arity k is a map

o PIS) X X PM(S) — PN(S).

k factors

When m = 0 and n = 0, this recovers an ordinary k-ary operation on S; when m =0, n = 1, it is a k-ary hyperoperation; and when k = 1, it
is an (m,n)-superhyperfunction.

Example 1.12 ((m,n)=(1,2), k = 2 — Music streaming: playlists and “collections of playlists”). Let S be the set of all tracks in a streaming
app. Elements of 2(S) are playlists (subsets of tracks), while elements of 2% (S) are collections of playlists (curated bundles).
Fix the arity k = 2 and define

*: P(S) x P(S) — P*(S)
by the rule
*(G1.G2) = { PCS | IPISL PNGI #£2, PNGy £ },

where L € N is a small curation cap (e.g. L =13). Thus x(G1,G») is a set of playlists, i.e. an element of P2(S).
Concrete instance. Let S = {t,0p,t3,14}, L=3, G| = {11,t2} (“upbeat”), and G, = {t3} (“acoustic”). Then
*(G1,Gp) = { {t1,1}, {ta,13}, {t1.00.13}, {11, 13,14}, {t2,13.14} } € P2(S).

Interpretation: from two seed themes G1,G», the app proposes a collection of candidate playlists that mix (at least) one track from each
theme, never exceeding the editorial cap L.

Example 1.13 ((m,n)=(0,1), kK = 2 — Grocery recommender: pair — suggested complements). Let S be a set of ingredients in a grocery or
recipe app. Elements of 2 (S) are suggested complements. Fix k = 2 and define a hyperoperation

*: §xX S — Z(S)

as follows. For each x € S let Comp(x) C S be a (domain—curated) set of complements. Set
#(x,y) = (Comp(x)UComp(y))\ {x.7}.

Hence (m,n) = (0,1): two items in, a set of complementary items out.

Concrete instance. Take
S = {bread, cheese, ham, tomato, pasta, basil, olive oil},

with
Comp(bread) = {cheese,ham}, Comp(cheese) = {bread,tomato},
Comp(pasta) = {tomato,olive oil, basil}, Comp(tomato) = {basil}.

Then
x(bread, cheese) = ({cheese,ham} U{bread, tomato}) \ {bread,cheese} = {ham,tomato}.

Interpretation: given two items in the basket, the system proposes a set of add—ons that pair well with at least one of them.
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Example 1.14 ((m,n)=(2,0), k = 1 — Federation of committees — elected representative). Let S be a set of people in an organization.
Elements of 2 (S) are committees; elements of 2% (S) are federations of committees (collections of committees). Define a superhyperfunction
(k=1)

*x: PXS) — S
that selects a single representative from a federation F € QZ(S) by a simple majority—presence rule:

scorep (x) :=#{C e F |xeC}, *(F) :=arg rgs); scorer (x),
X

with a fixed, deterministic tie-breaker (e.g. alphabetical order).
Concrete instance. Let S = {a,b,c,d} and committees
Ci={a,b}, Cy={b,c}, C3={b,d}, F={C1,C2,C3}€ P*(S).
Then
scorer (a) = 1, scorep (b) =3, scorep(c) =1, scorep(d) =1, = «(F)=beS.

Interpretation: from a collection of committees (an input in WZ(S) ), the organization deterministically picks a single person (output in
§=2%8)), so (m,n) = (2,0).

1.3. MetaGraph (Graph of Graphs)

Graph theory investigates mathematical structures consisting of vertices and edges to model relationships and connectivity [11, 13].
A MetaGraph is a graph whose vertices are themselves graphs, and whose edges represent specified relations between those graphs
(cf. [58, 58-60]). MetaGraphs are known to have various applications in fields such as network theory and biology (cf. [61-64]).

Definition 1.15 (Metagraph (graph of graphs)). (cf.[64, 65]) Fix a nonempty universe & of finite graphs (undirected, loopless by default)
and a nonempty family of binary relations

% C P (6x6).
A metagraph over (&, Z%) is a directed, labelled multigraph
M = (V,E,s,t,A)
with
VCe, s,t:E—V, AME— 2,
satisfying the incidence constraint
Ve €E: (s(e),t(e)) € Ale).
Elements of V are meta-vertices (each is a graph G € &). For e € E with A(e) = R, we write s(e) R t(e) and call e a meta-edge. If Z = {R}
is a singleton, labels may be omitted. If every R € % is symmetric, M can be viewed as an undirected labelled multigraph.

Example 1.16 (Real-life Metagraph: Transportation Networks). Consider a universe & where each element G € & is a city-level
transportation graph: vertices are bus or train stations, and edges are local routes. Define % as the family of relations “shares at least one
transfer station.” A metagraph M = (V,E,s,t,A) then has

e meta-vertices V. C &, each representing a city’s local transport network;

R o . . .
e a meta-edge G| — G, whenever two cities G1,G, are connected by at least one transfer station (e.g., a high—speed rail hub).

Thus, M models a network of transportation networks: a graph of graphs.
1.4. Iterated MetaGraph(Graph of Graph of ... of Graph)

An Iterated MetaGraph is a graph whose vertices are metagraphs, recursively extending graph-of-graphs structure to multiple hierarchical
levels [66].

Definition 1.17 (Unit metagraph embedding). [66] For X € & define the unit metagraph
uX) = ({x},0.-_.).

This gives an injective map U : & — Obj (Meta(@,%’)).

Definition 1.18 (Relation lifting). [66] Given % on &, define its lift 2" on finite metagraphs over (&, %) by
VRER, (My,My)€R" < IxeV(M),yeV(M): (x,y) ER.

Set %" .= {R": R € #}.
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Definition 1.19 (Iterated object and relation universes). Define recursively fort € Ny:
0 .= &8, 2 = X,
et .= {ﬁnite metagraphs over (@(1)7%0)) }, R = (%(z))T.
Definition 1.20 (Iterated MetaGraph of depth #). Fort € Ny, an iterated metagraph of depth ¢ is a metagraph
MO =0 EO 0 0 20
over (6(’),%<’>), e, VO e 20 EO 5 20 gng
Vec EW: (s(e), 1" (e)) € 20 (e).

Example 1.21 (Real-life Iterated Metagraph: International Trade Alliances). Let & be graphs where vertices are companies and edges are
trade agreements within a single country. A metagraph M () then has vertices as country-level trade graphs and edges representing bilateral
trade agreements between countries. Now consider an iterated metagraph M ), whose vertices are these national metagraphs M M), and
whose edges represent regional trade alliances (e.g., EU, NAFTA). Thus:

e Level 0: graphs of companies trading within a country.
e Level 1: metagraph of countries (each a graph of companies).
* Level 2: iterated metagraph of regional alliances (each a metagraph of countries).

This illustrates a hierarchy of trade networks, modeled naturally by iterated metagraphs.

2. Main Results of this Paper
This section presents the main results established in this paper.
2.1. MetaStructure (Structure of Structure)

We first fix a general single-sorted, finitary signature
Y = (Func, Rel, arpnc, argel ).

where Func (resp. Rel) is a set of function (resp. relation) symbols, and ar records arities. A (single-sorted) X-structure is
C = (H, (f€) ferunc: (R)rerel),

with carrier H # 0, interpretations f€ : H” — H for each f € Func of arity m, and relations RC C H” for each R € Rel of arity r. Let Stry
denote the class of all X-structures.

Definition 2.1 (MetaStructure over a fixed signature). Fix X as above. A MetaStructure ( “structure of structures”) over ¥ is a pair
M = (U7 ((DZ)[EA ) )
where:

e U is a nonempty set with U C Stry (its elements are objects at level 0);
e for each label { € A of meta-arity ky € N, the meta-operation

@, UM — U
is specified by uniform carrier- and symbol-constructors:

Ly: (Cy,...,Cq) — Hy (new carrier Hy built functorially),

Vf € Func: f‘bf(clf““'ckf) =A

VReRel: R®(CrCy) — Ef

where Ag and Ef are uniform recipes turning the symbols’ interpretations on inputs into the symbol’s interpretation on the output,
over the new carrier Hy.

Moreover, each ®, is isomorphism-invariant (a.k.a. natural): if o; : C; = D; for 1 <i < ky, then there is an induced isomorphism
CD[(OC],...,OC/Q,) : <I>/(C1,...,Ck,,) - @[(D],,..,Dk[)
commuting with all interpretations of symbols of .

Remark 2.2 (Canonical meta-operations). Three important @, that will be used explicitly are:

 Product I1: for (Cy,C,) with carriers Hy ,Hy,
T(Hy, Hy)) = Hy xHy,  (f€ x f©2) componentwise on (Hy x Hy)™,
and for a relation R of arity r,

RC]HCZ = {((X17YI)7~-~7(xr,yr)) ’ (xla"'axr)eRCla (YI»-n»yr)GRCZ}-
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» Relational disjoint union W (well-defined for purely relational ¥): for carriers Hy,H>,
Ty(H,Hy) ={1}xH; U {2} xH,,
and for a relation R of arity r,
ROYC = ({13xH)) " n({1}xRE) U ({2} xHa)" N ({2} xR®).
¢ Reduct/Expansion w.r.t. sub-signatures (arity 1): forget or add symbols uniformly.
Each is evidently isomorphism-invariant.

Remark 2.3 (Level-0 vs. meta-level). A classical X-structure C (level-0 object) can be used as an element of U. Meta-operations combine
such structures to create new structures, not elements of carriers.

Example 2.4 (Shared calendars (work schedules) as a MetaStructure). Fix a finite time grid H (e.g., 30-minute slots on a given day).
Consider the single-sorted calendar signature

Yea: Func=g, Rel = {Busy}, ar(Busy)=1.
An objectin U C Stry | is a structure
C = (H, Busy® C H),

interpreted as a personal calendar: a slot h € H belongs to BusyC iff the person is busy at h.
Meta-operation (overlay of calendars). Define @, : U*> — U by the uniform constructors

Tu(H.H)=H, Z3Y(B|,B,):=B UB,,
so that
D(C1,Cy) = (H, Busy®! uBusyCZ).

This is isomorphism-invariant (any bijection of the grid transports U to U).
Concrete instance. Let H = {t,1,13,14} be four consecutive 30-minute slots (e.g., 09:00, 09:30, 10:00, 10:30). Suppose

Busy®' = {t1,13}, Busy® = {t2,13}.
Then
@(Cy,C) = (H, {r1,12,13}),
which encodes the combined busy time. (Common free slots are H\ {t|,t,13} = {t4}.)

Example 2.5 (Transportation networks (road/rail overlays) as a MetaStructure). Let the single-sorted graph signature be
oo Func=g, Rel = {Edge}, ar(Edge)=2.
An objectinU C Str);gr is a directed network
G = (V, Edge® CV xV).
Think of V as stations/intersections and EdgeG as direct connections.
Meta-operation (relational disjoint union = overlay). Define @, : U> — U via the uniform constructors
Ly(Vi,Va) :={1}xV; U {2} x V3,
ES(ELE) = ({1} XE)) U ({2} xEy),
where {i} xE = {((i,u),(i,v)) | (u,v) € E}. Thus
Dy(G1,Gy) = (ViwVa, E|WE,),
a canonical overlay that keeps each network as a labelled block. This construction is isomorphism-invariant (bijective relabellings of Vi,V»
lift to W).
Concrete instance. Let
G, : Vi={a,az,a3}, E|={(a1,a2),(az,a3)}
(a simple line), and
Gy Va={b1,br}, Ex={(b1,b2)}
(a short spur). Then
@y(G1,G2) : ViwVa={(1,a1),(1,a2),(1,a3),(2,01),(2,b2) },
ErWE, ={((L,a1),(1,a2)), (1,a2),(1,a3)), ((2,b1),(2,b2))}-

Interpretation: an overlayed regional network that preserves each city’s routes (block labels 1 and 2). Additional connectors (inter-city links)
may be added later as separate meta-operations that are likewise uniform (e.g., by a fixed rule that joins designated hubs).
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We first isolate a finitary signature for deterministic automata over a fixed finite alphabet A.
Definition 2.6 (Automata signature Xp,). Let A be a fixed finite alphabet. Define the single-sorted, finitary signature
Yifa = ( Func, Rel ),
with
Func={0,|ac€A}U{init}, Rel = {final }.
The arities are ar(8,) = 1, ar(init) = 0, and ar(final) = 1. A Zyg,—structure
(Q, (8, )a€A7 ‘10: flnaID)

is precisely a deterministic automaton over A: a nonempty state set Q, unary transition maps 5(}) 1 Q — Q, a distinguished initial state
qg € Q, and a unary relation final® C Q identifying final states.

Example 2.7 (MetaAutomata over A). Fix a nonempty universe H of “atoms” and consider

Ugpa = { De Sterfa

0:=|D|CH }
Define one binary meta—operation ®g : Uc%f,(1 — Ugta, the synchronous product. For inputs
1 ) .
Dy = (01, (81"), ¢, final())
and

D, = (0, (8), qéz), final®)
set

@i (D1, Dy) = (Ql X 02, (69)acas (4)),q), final® )7
where the constructors are uniform:

Fe(01,02) := 01 x Q27

Ag“(@gl )(quqz) ( 5(2)(q2)) (a€A),
Almt( 7q0 q() 7q0 )
zfiral(final ) final® >) :=final(") x final®.

Lemma 2.8 (MetaAutomata is a MetaStructure). With U := Ugys, and the single meta—operation @, from Example 2.7, the pair
IMIAuto = (U7 ((I)®))
is a MetaStructure in the sense of the Definition.

Proof. (Closure) By construction Q1,0 C H implies Q1 X O» € H x H C H (after fixing a canonical injection H X H — H once and for
all), so the output carrier lies in H. Each symbol is interpreted by a well-typed, uniform recipe:

(1% Q2) = (@1 % 02), final® C Qi x0s, (ay.4) € Q1 % 0s.
Hence @ (D;,Dy) € U.
(Isomorphism-invariance) Let ¢; : D; = D; be automaton isomorphisms, i.e. bijections @; : Q; — Q; such that
(X,'(Sa(i) (q)) = 5£i)/(ai(q)), o (q(()i)) = qg>/, q€ final® = oi(q) € final @’
Then
o xop: QX0 — Q1 x0h
is an isomorphism witnessing
Dy (ap, o) : Py(Dy,Dy) — Dy (D, Dh),

since for every a € A and (¢1,42) € Q1 X Q>,

(on x ) (85 (q1,92)) = (o1 x 062)(551)(611)7552)(412))
= (01(8" (1)), @2 (87 (42))
= (8 (au (1)), 8 (e(a2)))

=68 ((on x a)(q1,92)),

and similarly for init and final. Therefore Definition 2.1 holds. O
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Remark 2.9 (Language—theoretic semantics). If L(D) C A* denotes the language recognized by D, then
L(®g(D1,D2)) =L(Dy) N L(Dy).
This identity is a concrete, verifiable invariant of the meta—operation Pg.

Definition 2.10 (Topological signature X.|). Fix a nonempty set Q and a distinguished subset Xy C Q. Let the carrier of every structure be
H := P(Q). Define the signature

Yy = ( Func = {cl}, Rel = {X} >,
with ar(cl) = 1, ar(X) = 1. A X—structure is a pair
T=(H,cd":H-H X'CH),
interpreted as: XT = {Xo} is the singleton identifying the underlying set, and cT is a Kuratowski closure on Xy, i.e. for every A C X,
cl(@) =92, A Ccl(A), cl(AUB) =cl(A)Ucl(B), cl(cl(A)) =cl(A). (1)
(For A € Xy we set cl(A) := cl(ANXy) so that the map is total on H.)
Example 2.11 (MetaTopology over the fixed base Xp). Let
Urop = { T € Stry, ‘ XT = {Xo} and clT satisfies (1) on X, }
Define a binary meta—operation @, : Ul%p — Utop (the topological join/refinement) by the uniform constructors
I'v(H,H):=H (the carrier stays H = 22(Q)),
25 ({Xo}. {Xo}) = {Xo},
A(cly,ch)(A) :=cli(A) N clh(A)  (ACQ).
We write ®(T1,T,) =: T VTs.
Lemma 2.12 (MetaTopology is a MetaStructure). With U := Urop and ®v from Example 2.11, the pair
Mropo = (U, (@v))
is a MetaStructure in the sense of Definition 2.1. Moreover, if T(T) denotes the topology on X corresponding to clT, then
(T VvTy) = 7(Ty) V 1(T)
(the lattice join of topologies on X;).

Proof. (Closure) Let T; = (H,cl;,{Xp}) € U for i = 1,2. Define cly(A) := cl;(A) Ncly(A) for all A C Q. For A C Xj, each Kuratowski
axiom holds:

cly(@)=cli(@)Nch(9) =N =9,

ACcli(A)and A Cclh(A) = ACcli(A)Nclh(A) =cly(A),
clv(AUB) cl{(AUB)Ncl(AUB)
(cli(A)Ucli(B)) N (cl2(A) Ucly(B))
( 11 (A)Ncly(A)) U (cli(A)Ncly(B)) U (c11 )Nck(A)) U (el (B)Ncly(B))
D (cli(A)Nel(A)) U (cli(B)Ncly(B)) =cly(A) Ucly(B).

For the reverse inclusion, recall that closed sets in T(T|) V 7(T,) are exactly intersections C; NC, with C; closed in 7(T;); hence for every
A € Xo,

cly(A) =({C1NCy |AC C1NG,, Ciclosed in T(T;) } = cly (A) Ncly(A).
Applying this equality to A and to B gives

cdy(A)Ucly(B)= () (CNG)U (] (DinDy) = N (CiNG)U(DyNDy)),
ACCING, BCD\ND, ACC|NCy, BCD;ND,

and since AUB C (C; UDj) N (C, UD,) with (C;UD;) closed, the right-hand side contains cly (A UB), yielding the equality cl, (AUB) =
cly(A)Ucly (B). Finally,

cly(cly(A)) =cli(cli (A) Nela(A)) N ela(cli(A)Nela(A)) C cli(eli(A)) Nely(clh(A)) =cly(A),

and the reverse inclusion follows from extensivity, so idempotence holds. Thus T VT, € U.
(Isomorphism—invariance) Any bijection o : Q — Q induces af : 2(Q) — P(Q), A — a[A]. Transporting cl; to cl: by cl} := af ocl; 0
(o)1 and X, to a[Xo] commutes with the constructor:

afo Al (cly,cly) o (0f) ! = Adl(cl]clh).

Since X is transported as {Xo} — {[Xp]}, the induced map is an isomorphism between outputs, as required by Definition 2.1. The lattice
statement follows from the closed—set characterization used above. O
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2.2. iterated MetaStructure(Structure of Structure of ... of Structure)

An Iterated MetaStructure recursively applies MetaStructure construction, forming successive layers where structures of structures create
deeper hierarchical meta-levels.

Definition 2.13 (Iterated MetaStructure of depth z) An Iterated MetaStructure of depth ¢ over X is any MetaStructure om() of height t. When
s < t, we lift a height-s MetaStructure M) = (U®) {©;}, {#}}) to height t by

Ly U0 L 0

U ),
and, for each ©; : (Ey" )k — M (EY), defining its lift

of + (EmH=)5 5 m(ERHT) . ol (UL (), UL (%)) i= UL (@i(x1, -k,
and similarly for relations ,Y’T (Ug 5) ().

Example 2.14 (Iterated MetaAlgebra: products of algebras at depth 7). Fix the single—sorted algebraic signature Xy = {-} with ar(-) = 2
(semigroups). Let H be a universe of atoms and define the ladder Egulg (H) :=H and

1 . A A .42
Ep\l(H) = {A= (a4 | ACE} (H), *:4> -4},

.
Set Ualg

= E)’:ul“ (H). For A,B € Ua(lt;, define the meta—operation (componentwise product)
cI)?I) (AvB) = (A X Ba 'AXB)7 (a17b1) AxB (a27b2) = (611 A az, bl B b2> .

Closure: A,B C E'™! implies Ax B C E'"V xE'"!; fix a pairing injection ( , ) to identify A x B C E'™!, hence CDg) (A,B) € Uéltg).
Associativity: for all a; € A, b; € B,

((a1,b1)-(az,b2)) - (a3,b3) = (a1 - (az-a3), by - (b2-b3)) = (a1,by) - ((a2,b2) - (a3,b3)).
Lift compatibility (Definition 2.13): for 1 <s <t,
{7 (UL, (A), UL, (B)) = UL (@} (4,B)),
since Uy, wraps elements in singletons and preserves componentwise formulas.
Concrete numbers (t = 1): for groups C, = {0,1}, C3 = {0,1,2} (additive),
(1,3) + (1,T) = (0,0) in C>x C3 =Cy.
Example 2.15 (Iterated MetaProbability: product and mixture at depth ). Use a two-sorted finite-probability signature Eg, with outcomes

Out and values Val; structures are P = (Q, p) with Q finite nonempty and p : Q — [0,1], ¥ e p(®) = 1. Define ngp (H):=H and

t
ELU(H) = {(Q.p) | QCEL (H), ppmfonQ}, UY) =EL, (H).

Independent product (meta—operation):

q’%)((QumL(Qz,Pz)) = (Q xQ, p1®p2),  (P1@p2)(@1, @) = pi(@)pa(wn).
Then

Y (m@p)= <ZP1)(§,P2>:17

Q) xQy

50 <I>%> (P,Py) € Ufm. Mixture (meta—operation, A € [0,1]):

) (Q1.p1).(R2,p2)) = ({1} Q1 U{2} % Q. pmin).

Pmix (L @) == A p1(01),  pmix(2,02) := (1 - 1) p2(an),
and

Y rmix =AY, i +(1=2)Y pp=A+(1-2) =1
Q Q
Lift compatibility: for 1 <s <t,

B (U, (P1), UL (P2)) = UL (@ (P, P2),

Bl (UL, (P1), UL (P2)) = UL (@), (P P2),

since U):rp wraps outcomes as singletons and preserves the pointwise formulas.

Concrete numbers (r = 1): Q) = {a,b} with p|(a) = %, p1(b) = %; Q = {x,y} with py(x) = % p2(y) = %
(Pr@p)(ay)=53=5 Y (mep)=1.
QxQy
For A = %,
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Theorem 2.16 (Iteration strictly generalizes). For each t > s > 0, the lift 1,—; embeds the category of height-s MetaStructures (with
homomorphisms preserving meta—operations/relations) fully and faithfully into the category of height-t MetaStructures. In particular,
Iterated MetaStructure strictly generalizes MetaStructure.

Proof. Full/faithful: Given homomorphisms at height s, lifting them componentwise by U)':fs yields homomorphisms at height #; conversely,
any height-t morphism between lifted carriers restricts (via the singleton carriers of U’Z’S ) to a unique height-s morphism. Strictness: There
exist height-+ MetaStructures whose carriers contain nontrivial X-structures on level #—1 (e.g. two distinct nonisomorphic level-(¢—1) objects
in U®"), which cannot live at any smaller height s < 7 by definition of EL. O

Recall the iterated metagraph construction from the Preliminaries: 60 .=6, 20 .= % and, inductively, et .= {finite metagraphs over (6(’ ). % (’))]
R = ()T,

Theorem 2.17 (Iterated MetaGraph = Iterated MetaStructure). Let M") be an iterated metagraph of depth t over (&), 1)), With Lor and
H, the assignment

v i=v(MY) C B (H),  Sr={X¥)eUDxUW|x Ly in M},
turns M) into an Iterated MetaStructure 97([(:4)(,) of depth t.

Proof. By induction on t. The base t=1 is the Theorem. Suppose the claim holds for ¢. A vertex of M (1) js a metagraph over (Qﬁ(’ ) 7%<’ >);
by the inductive hypothesis it is a height-r MetaStructure, i.e. an element of E;:g, (H). Hence U*1) C Eé;rrl (H) and relations .%% are

defined exactly as in the =1 case but now on level 741. The axioms (MS1)—(MS3) are verified verbatim. Thus 93255; ll)) is a height-(¢+1)

MetaStructure. O

2.3. Meta-HyperStructure(HyperStructure of HyperStructure)

Fix once and for all a (single—sorted, finitary) first—order signature
Y= (Func7 Rel,arFunc,arRe|),

where each f € Func has arity ar(f) € Np and each R € Rel has arity ar(R) € N. A X—structure C is
C=(IC|, (f€)seFunc: (R)Rerel)

with |C| # @, f€ : |C|*)  |C| and RC C |C|*(®R),

For a set X, write 2(X) for its powerset and inductively 2(X) := Z(X) and 2,41 (X) := 2(Zy(X)). We use 29(X) := X and
P1(X) := 2 (X) when unifying types.

A hyperoperation on X of arity mis amap o : X" — P (X). A family of hyperoperations on X indexed by a finite set Q is o = (o(q))qEQ
with o(@) : X" — P2(X).

Definition 2.18 (X-hyperstructure). A X-hyperstructure is a tuple

H = (H], (/") serunes (R")rerel, (off Jgeo)

where:

. H| £ 2
« foreach f € Func, fA: |H|*()) - [H|;
¢ for each R € Rel, RH C |H\ar(R);
. (ogﬁ)qu is a specified finite family of hyperoperations on |H|.
A morphism ¢ : H — W' is a bijection ¢ : |H| — [H'| preserving the f’s, the R’s, and each hyperoperation:

—

o(/1®) = M(9), TR 9@ e RY, 9(off (A) = oif (9(A)).
Denote by HypStry the class of Y-hyperstructures (up to isomorphism).

Intuitively, objects are hyperstructures, and meta—hyperoperations map tuples of hyperstructures to sets of hyperstructures, with all internal
ingredients built uniformly.

Definition 2.19 (Meta—HyperStructure over £). A Meta—HyperStructure over X is a pair

MH = (U7 (q’é)l’,eA)7
where:

e U C HypStry is nonempty (objects);
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e for each label { € A with meta—arity k; € N there is a meta—hyperoperation
@, UM — 2(U)

specified by the following uniform constructors. Given inputs Hy, ..., Hy, € U with carriers H; := |H;|, operations ( 1), relations
(RY) and families (og]/_))qu, every output K € ®(Hy,..., Hy,) is built by:

(carrier) \K| = Ff(Hlv”’ka;)v

(operations) K :A[(fH‘,...,fHW) (f € Func),
(relations) RE =zf(RM ... RM4)  (ReRel),
(hyperops) OE? =11} (ogg yeus ,ong) (g€ Q),

where FZ,A[ ', Ef,HZ are fixed functorial recipes (independent of the particular inputs) ensuring K € HypStry.
Axioms:
(MH]1) Closure: ®,(Hy,...,Hy,) CU.
(MH2) Natural/iso—invariant: ifoy : H; 2 H, (1<i<ky),

then there is a bijection ®y(0t ..., 04,) : Dy (H) = o, (H')
that is an isomorphism of outputs, componentwise for all symbols and hyperops.

Remark 2.20 (Typical uniform constructors). Common choices include:

e product on carriers, (I'rt)(Hy,Hy) = Hy X Hp, with componentwise lifting of f and tensor lifting of relations; for hyperops,
@ @\ (z
10y <°1 ) ) (4)

={(x1,x2) | xi € qu) (pri(A)) (i=1,2) };

e disjoint union on carriers with block—diagonal relations and hyperops acting in each block;
* reduct/expansion with respect to sub—/super—signatures (meta—arity 1).

All are isomorphism—invariant by construction.

Example 2.21 (Block—sum of hypermagmas (disjoint union)). Let Xy, be the single—sorted signature with no ordinary function/relation
symbols and one binary hyperoperation symbol x. A X, —hyperstructure is a hypermagma H = (H,xy) with xg : H x H — Z(H). Let U
be any nonempty class of such hypermagmas (objects).

Define a binary meta—hyperoperation ®y : U* — P (U) that returns the single output hypermagma on the disjoint union carrier:

¢W((H17*1)3(H27*2)) = { (Hl L-UI{27 *HJ) }7
where, writing elements as (i,x) with i € {1,2} and x € H;,

{1}><*1(X,y), (l7./):(]7])7
*w((0,%), () = {2} x%a(xy), (i,))=(22),
@, i
Uniform constructors (Definition 2.19):
T'y(Hi,Hy) = Hy WH>, I} (%1,%0) = *w (A, E are vacuous).

(MH1) Closure: xy maps (Hy & Hy)? into 2 (H, & Hy), so the output lies in U. (MH2) Naturality: if o; : (H;, ;) = (H!,%}), then o & 0ty is
an isomorphism

(HyWHy,xe) — (H|WH) #),
since each block is transported componentwise and cross—block outputs remain &. Thus (U ,CIDHJ) is a Meta—HyperStructure.

Example 2.22 (Product & coproduct meta—combination (set—valued output)). Work again over Xy, and the same object class U. Define a
binary meta—hyperoperation ®g, : U* — P(U) that returns two canonical combinations of inputs:

¢®(J((H17*1)7(H27*2)) = { (Hl XH27 *®) B (HIH'JHL *lt') }7
where

*o ((x1,01), (%2,72)) := *1(x1,%2) X *2(y1,y2) € Hi x Hp

(tensor/product hyperoperation), and xy is as in Example 2.21.
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Uniform constructors:
Ty(Hi,Hy) =Hy xHy,  TI5(x1,%) =*g; Tw(Hi,Hy) =H WHy, TI}(xi,%2)=%*s.
(MHL1) Closure: for all (x;,y;) € H; X Hp,

*o ((x1,31), (%2,72)) = *1(x1,x%2) X *2(y1,¥2) € Hi X Ha,

and %y maps into P (H; W H,) by blocks, so both outputs are in U. (MH2) Naturality: if o; : (H;, ;) = (H!, %), then a| X 0 intertwines xg

1070

and oy Y ap intertwines *w, yielding isomorphisms of both outputs. Therefore (U , <I>®J) is a Meta—HyperStructure with genuinely set—valued
meta—output.

Theorem 2.23 (Reduction to MetaStructure). Let M = (Uyis, (W¢)ren) be a MetaStructure (objects are structures, meta—operations are
deterministic). Define an embedding

tMs—MH : Ums — U

by assigning to each X—structure C the -hyperstructure

C= (I (), (RS, (F)perunc):  SE1sosAm) = {C @, am) | @i € A ).

Define ®, on U by

q)g(él,...,ék/) 2:{ /g(\Cl,...,Ck[) }

~

Then MH = (U, (®y)pep) is a Meta—HyperStructure and the forgetful functor F : U — Uys, F(C) = C, satisfies
Fody = Wyo(F,...,F) (equality of functions).

Consequently, Meta—HyperStructure strictly generalizes MetaStructure.

Proof. For each C, Cisa Y-hyperstructure: fé is the standard subset-lifting, so closure holds. Uniformity is clear: the recipes “take
carriers/operations/relations as in Wy and hyperops as subset-liftings of the resulting operations” do not depend on inputs beyond their
interpretations. Hence ®; satisfies (MH1) and (MH2). The equality F o ®y, =¥, o (F,...,F) follows by construction (both sides output the
same Y-structure); thus MH projects to M, proving generalization. Strictness: take any nontrivial f? (e.g. m = 1), which has no counterpart
in a pure MetaStructure; hence there are Meta—HyperStructures with genuinely hyper—valued internal operations. O

Theorem 2.24 (Reduction to HyperStructure). Let 7 = (9’(5)7 0) be a classical hyperstructure on a nonempty set S (with one fixed arity
m for o). Consider the purely relational signature X (no function symbols, no relations), and set

Ui= {Xyi=(Asno forR; o) | ACSY,

where oy is the restriction of o to P(A)"™ — P(A) (i.e. os(B) := o(B)NA for B € P(A)"). Define a single meta~hyperoperation
QU™ — PU) by

qD(XA”...,XAm) = {Xc ‘ CEO(Al,...,Am) }

Then MH = (U,{®}) is a Meta—HyperStructure and, for the forgetful map F : U — P(S), F(X4) = A, one has the exact identity of
hyperoperations

F(®(X4,,...,Xa,)) = o(A1,...,Ap).

Therefore Meta—HyperStructure strictly generalizes HyperStructure.

Proof. (MH1) Closure is immediate: C € o(Ay,...,A,;) C S implies X¢ € U. (MH2) Natural/iso—invariance is trivial since X has no
symbols and isomorphisms of pure carriers are bijections; ® is defined purely in terms of o on carriers. For the identity, by definition

F(®(Xy4,,...,Xa,)) ={C|C€o(Al,....,An) } =o(A1,...,An).

m

Strictness holds because the meta—level outputs a ser of hyperstructures; in a plain hyperstructure there is no second level of hyper—valued
meta—combination of objects. O
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2.4. iterated Meta-HyperStructure(HyperStructure of HyperStructure of ... of HyperStructure)

An iterated Meta-HyperStructure recursively layers hyperstructures; elements themselves are hyperstructures. Meta-hyperoperations
uniformly combine levels, ensuring closure, isomorphism-invariance, and hierarchical, multi-level, set-valued combinations across structural
depths.

Definition 2.25 (Level ladder for hyperstructures). Fix a nonempty set H of atoms. Define inductively
EOH):=H, ETVH)= {H € HypStry | [H| CE'(H) }

Definition 2.26 (Iterated Meta—HyperStructure of depth ¢). An Iterated Meta—HyperStructure of depth ¢ is a pair
MH® = (U9, (@ )iea)

with U\Y) C E!'(H) nonempty and meta—hyperoperations
ol : (U — 2(UY)

constructed by level—t versions of the uniform recipes Fg,A[,Ef,Hg (as in Definition 2.19) so that all outputs lie again in E'(H) and
(MH1)-(MH?2) hold at level t.

Example 2.27 (Depth 2 over hypermagmas: “closure by product @ and disjoint union W”). Let Xy, be the single—sorted signature with one
binary hyperoperation symbol x. A level-1 object is a hypermagma M = (M, xp) with xy; : M x M — Z2(M); thus E'(H) is the class of all
such M with M C H.

Define two level-1 constructors on hypermagmas:

M; @My := (M) x My, *g), *e((x1,51), (x2,¥2)) 1= *m, (x1,X2) X *m, (V1,2),

{I}X*M](X,y), (17]):(171)7
M WM, = (M WM, *y),  *w((i,x),(j,))) == {2} x*m, (5,),  (6,)) = (2,2),
2, it
A level-2 object is a pair X = (X, ox) with X C E'(H) and a binary hyperoperation ox : Z(X) x 2(X) — P(X) defined by
AoxB := {M;®@M, | M €A, M, eB} U {M WM, | M| €A, My €B },

and we require X to be closed under ® and & so that Aox B C X. Let U® be the class of all such X (objects in EZ(H)).

Define the binary meta—hyperoperation @Efe)rge (U (2>)2 — 22U (2)) by

Cbggrge(Xth) = {X }, where X := Cl&w(xlqu), ox as above.

Closure (MH1): by construction X is closed under ®,9, hence X € U @, Naturality (MH2): isomorphisms of level-1 hypermagmas extend

to blockwise/product isomorphisms of ®,4; therefore level-2 bijections transport ox componentwise. Thus (U &) , q>§§2rge) is an Iterated
Meta—HyperStructure of depth 2.

Example 2.28 (Arbitrary depth ¢ > 2: unit-lifted product vs. union (set-valued meta—output)). Retain Xy, and the level-1 constructors
®,. Foranyt > 2, define U\") C E'(H) to be the class of pairs X) = (X(’),og)) with X©) C E'~Y(H) such that X\") is closed under @,
(applied to its elements, which are level—(t — 1) hypermagmas), and

Aol)B = {M®N | MecA,NeB} C x®.

(Using only ® keeps the formula minimal; a symmetric variant uses \&.)
Define a binary meta—hyperoperation

o) : (U2 — 2 (UW)
by returning two canonical level-t outputs:

o), (x{) x{) ::{ (CloxPux), o8, (clux ux”), o) }

product—closure object union—closure object

with internal hyperoperations given (uniformly) by
AcB:={M&N|McANeB}, AoYB:={MwN|MecANEeB}.

Closure (MH1): each displayed carrier is closed by definition of Cl, and the hyperoperations map (X (¢ ))2 into 2 (X (’)). Naturality (MH2):
any isomorphisms between level—(t — 1) elements transport @, to isomorphic outputs; hence the induced bijections between carriers

commute with og) , og). Therefore (U () , @g}u,) is an Iterated Meta—HyperStructure of depth t with genuinely set—valued meta—output.
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Theorem 2.29 (Iteration strictly generalizes). Fort > s > 1, there is a fully faithful embedding (level-raising)
tsr : MH®) — MH®

defined on objects by the r := (t — s)—fold unit lift
U”": E*(H) — E'(H), X U(---UX)--+),

~—_————

r times

where U turns an object into the singleton hyperstructure on it, and on meta—hyperoperations by
Y s (@) (UTX)), . UT(Xy,)) — UT(@ (X, X))
Hence Iterated Meta—HyperStructure strictly generalizes Meta—HyperStructure (the t=1 case).

Proof. Well-definedness: U maps E* to E“*! by wrapping any object into a singleton carrier and lifting all internal operations, relations,
and hyperoperations along that inclusion; iterating r times lands in E’. Closure and naturality are preserved by functoriality of the recipes and
the fact that U is natural with respect to isomorphisms. Fullness/faithfulness follow since any morphism between lifted singletons descends
uniquely to a morphism between their confents. Strictness: there exist level—¢ objects whose carriers contain two nonisomorphic level—(z — 1)
hyperstructures; they cannot lie at level s < ¢ by Definition 2.25. O

Theorem 2.30 (Iterated Meta—HyperStructure subsumes Iterated MetaStructure). Let M) be an Iterated MetaStructure of depth t (objects
are Y—structures at level t with deterministic meta—operations). Define an embedding

1 MO < MEY

by sending each level-t structure C to

C= (\CL (f), (R%), (f(jj)fEFunc>7 fEAL - An) = {fC(ar,....am) | a; € Aj}

(all at level t), and by lifting meta—operations as singletons:

—

) (Cy,....C) = {2V (Cy,....Cp) ).

Then the forgetful functor F from MH® 10 the underlying iterated MetaStructure satisfies F o1 =1id and F o CDy) = ‘Py) o(F,...,F). Hence
Iterated Meta—HyperStructure generalizes Iterated MetaStructure.

Proof. Exactly as in Theorem 2.23, now performed levelwise at depth z. O
2.5. Meta-SuperHyperStructure(SuperHyperStructure of SuperHyperStructure)
Let H be a fixed nonempty ground set (atoms). For any set X and any r € Ny, define the iterated powerset
20X):=X, P2"X):=2(P2"(X)),
and the iterated singleton embedding 5)({) X = 27(X) by
00 =x, 8V V)= {8{ ()}
When the ground set is clear we write simply & ("), For r > 1 we also use the canonical extension
BN (2mx)  — (2 (x)) DAL AL = (8 (A1), 8 ) (AR))-
Fix a profile (internal type)
© = (mg,np,kp) € Ng x Ng x N> .
A O-superhyperoperation on X is a map
w: (2™(X) — 2 (x).
Definition 2.31 (®—SuperHyperStructure over X). A ®-SuperHyperStructure over a base set X is a pair
S=(2™(X).xs), s (20X > PMX),

We write SHe (X) for the class of all such S (up to isomorphism induced by bijections X —X).

Remark 2.32. Classical hyperstructures of the form (2 (X),0) with a k-ary hyperoperation o : 2 (X)X — 22(X) correspond to the profile
®=(1,1,k).

Intuitively, objects are superhyperstructures on the same base set H, and meta—superhyperoperations send tuples of such objects to
(iterated) sets of such objects; internally, each output object is built from the input objects by a uniform constructor acting on the internal
®-superhyperoperations.
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Definition 2.33 (Meta—SuperHyperStructure of profile ® over H). A Meta—SuperHyperStructure (MSH) of profile ® over H is a pair
MSH = (U CSHo(H), (@()ren )

such that, for each label { € A,

e the meta—arity sy € N and the meta-height ry € Ny are fixed;
* the meta—superhyperoperation

Dp: U — 2™(U)
is given by a uniform constructor I, as follows: for any inputs Sy,...,Sy, € U with internal operations xg, : (5”’"0 (H))ko — P™(H),
every output T € ®(Sy,...,Sy,) satisfies
*1 = H[(*S],‘.‘,*SW), ()
where Iy is a fixed operation
I [ (2mH) - WU(H)}” — (9'"0(11))'“’ — PM(H).
Axioms.
(MSHI) Closure: ®,(Sy,...,Ss,) C 2" (U).
(MSH2) Naturality: for any bijection o : H — H, let ool , al™! act on 2™ (H), 2™ (H)
by image. If S! is obtained from S; by transporting *s, via O,
then every T € ®((Sy,...,Sy,) transports to some
T € @y(S)....,S},) with »p = ™) oxp o (al™))=1,
Remark 2.34 (Concrete examples of I1y). Typical uniform constructors include the pointwise convex (or union/intersection) combination
(T (x1,%2)) (A) == %1(A) U xa(A),  (Tp(x1,%2)) () == x1(A) N %2(A),

and the convolution constructor

(My(x1,%2))(A) == |J *i(B) Ux(C),
B.C
BuC=A4
all of which clearly satisfy (MSH2).

Example 2.35 (Pointwise union on binary superhyperoperations). Fix a nonempty base set H and the profile ® = (mg,ng, ko) = (1,1,2), so
each object S € SHg(H) has an internal binary superhyperoperation xg : Z(H) x (H) — & (H). Let U := SHg(H).
Define a binary meta—superhyperoperation ®_, : U2 — U (meta—arity s; = 2, meta—height ry = 0) by the uniform constructor

Iy (*1,%2)(A,B) := *1(A,B) U %(A,B) (A,BCH).

Set ®y(S1,82) = (P (H), My(xs,,%s,))-

(MSH1) Closure: T1 (x|, %2) maps P (H)? into P (H), hence the output lies in U. (MSH2) Naturality: for any bijection o : H — H,
oI (1, %2)(A, B)) = al')(x1 (4,B) Ux2(4,B)) = (allox)(4,B) U (aloxp)(4,B),

so o transports TI, (x1,%2) to TI, (oM o x; o (al) =1, allloxy o (@l))™1), as required.

Concrete check: let H = {0,1}, xy(A,B) = AUB and *~(A,B) = ANB. Then for A = {0},B = {1},
Iy (*u,*n)(A,B) = (AUB)U(ANB) ={0,1} U2 = {0,1} € Z(H).

Thus (U ,QDU) is a Meta—SuperHyperStructure of profile ©.

Example 2.36 (Kleene-type closure of a superhyperoperation). Fix the same base H and profile ® = (1,1,2) and let U := SHg(H).
Define a unary meta—superhyperoperation @, : U — U (meta—arity 1, meta—height 0) by the uniform constructor that unions all finite
self-compositions of the internal operation:

IL(x) (4,8) == |J +™(4,B),

n>1
where x\1) .= x and recursively
(A B) = #(x"(4,B), x"(A,B)).

Set @, (S) := (P (H), L (*s))-
(MSH1) Closure: every (A,B) C H; hence their union lies in & (H). (MSH2) Naturality: for any bijection & : H — H, transport respects
unions and the recursive definition:

alloTT, () o (@)1 = H*( alloxo (al)~! )

Therefore (U , CID*) is a Meta—SuperHyperStructure.

Concrete check: for x(A,B) = AUB one has *S>(A,B) =AUB and *<U"+l>(A,B) =xy(AUB,AUB) = AUB, hence I1.(xy)(A,B) =
Uns1(AUB) = AUB.
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Theorem 2.37 (MSH generalizes MH). Assume each object of a given Meta—HyperStructure MH = (Umn, (W¢)eep) is a classical
hyperstructure (2 (H), o) of fixed arity k (i.e. profile ® = (1,1,k)). Define

E: Uqu —UCSH( 1 »(H), E((P(H),0)):=(P(H),x:=0).
Set, for each {,
@ (E(Xy),...,E(Xy,)) = {E(Y) | YE¥(X,,....Xy,) } € 2"(U),
with the same meta—height ry as in MIH. Then MISH = (U, (®/)) is a Meta—SuperHyperStructure of profile (1,1,k) and the forgetful map
F:U—Uy, F(ZH)*):=(PH)*)
satisfies the strict equality of meta—compositions
F(®(EXy),....E(Xy,))) = Po(Xi,....Xy,) in 2" (Uun)- 3)
Hence Meta—SuperHyperStructure strictly generalizes Meta—HyperStructure.

Proof. By construction E(X) is a ®-superhyperstructure with the same underlying hyperoperation; thus U C SH1,1.4) (H). BEach @y is
defined pointwise from ¥y, so (MSH1) holds. Naturality (MSH2) is inherited because transporting via a bijection & : H — H acts on both
sides by ((x[l] , a[l]) on domain/codomain; equality (3) is immediate from the definition of F and ®,. Strictness follows since MSH allows
other profiles (e.g. (mg,ng) # (1,1)) and hyper—valued meta-heights r; > 0, absent from a purely deterministic meta—operation setting. [

Theorem 2.38 (MSH generalizes SH). Fix any ® and consider the class SHg(H). The map
G: SHe(H) — {MSH of profile © over H}, G(S):= ( {S}, no meta—operations )

is injective, and the forgetful projection % : (U,(®y)) — U satisfies % (G(S)) = {S}. Therefore MSH strictly generalizes SuperHyperStruc-
ture.

Proof. Trivial: G(S) is an MSH with U = {S}, satisfying (MSH1) vacuously and (MSH2) because no ®; are present. Injectivity of G
follows from equality of the unique element of U. O

2.6. iterated Meta-SuperHyperStructure(SuperHyperStructure of ... of SuperHyperStructure)

We iterate “superhyperstructure of superhyperstructure” by letting the base set of the next level be the universe of objects from the previous
level.

Definition 2.39 (Level ladder for superhyperstructures). Define inductively
EQ(H):=H, EL'(H):=SHe(EH(H))  (r>0).

Definition 2.40 (Iterated Meta—SuperHyperStructure of depth ¢). An Iterated Meta—SuperHyperStructure (IMSH) of depth t > 1 and profile
® is a pair

MSHO = (U0 € Eb(H), (@ : 0O 27 W), ),

(t)

where each @, is given by a uniform constructor I1; acting on the internal ®—superhyperoperations of elements of U @, exactly as in (2)
but with the base set X = Egl (H).

Example 2.41 (Depth 7 >2: pointwise union of internal superhyperoperations). Fix a profile ® = (mg,ng,kq), a base H # &, and the
ladder E&(H ) of Definition 2.39. Let v .= EL(H) and write X :=EL ' (H). ForS; € U let xg, : (™0 (X))ko — P™(X) be its internal
O-superhyperoperation.

Define a binary meta—superhyperoperation @8) (U (’))2 -yl by the uniform constructor

(%1, %2)(A) == %1 (A) U xp(A) (A e (2™(X))h).
Set ®1)(S1,8,) := (2™ (X), T (xs, %s,))-
Closure (MSH1): x| (A),%2(A) C 2™ (X) = I (*1,%2)(A) € 2™ (X); hence the output is in U"). Naturality (MSH2): for any bijection
a:X—X,

a["o]oHU(*l’*z)o (a[mol)—l = Hu< alloyx o (a[mo])—l : a[”o]o*zo(a[’"O])_l )

Concrete check (©@ = (1,1,2), r =2): X = Eé(H) = SHg(H). For A,B C X, taking x,(A,B) = AUB and *~(A,B) = AN B, one gets
Iy (*u,*n)(A,B) = (AUB)U(ANB) =AUB € Z(X).
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Example 2.42 (Depth 7 > 2: iterated (Kleene-type) closure of internal superhyperoperations). With the same ®,H,t and X = Egl (H) as
(1)

above, define a unary meta—superhyperoperation ®,.’ : U 0y by the uniform constructor

IL(x)A) = | «" @A), V= U @E) = 1 (0 (), 0 (&) ).

n>1
ko slots

Set @) (S) 1= (2™ (X), T, (xg)).
Closure (MSH1): each ") (A) € 22" (X) by induction; unions remain in 2" (X), hence the output belongs to U'"). Naturality (MSH2):
for any bijection o : X — X, transport commutes with composition and union:

allort, (¥)o (a[mo])*l = H*< al™loxo (a[’”()])’l )
Concrete check (@ = (1,1,2), t =2): if «,(A,B) = AUB on X, then =" (A, B) = AUB for all n, 50 L (x0)) (A, B) = U, (AUB) = AUB €
2(X).
Theorem 2.43 (Iteration strictly generalizes). Fort > s > 1 there exists an injective, meta—compatible embedding

L : MSH®) < MSH®)

defined objectwise by the constant-0 lift: for S € E§(H), put 1,-,(S) = st e Eg(H) with internal operation

s (A) = 80 (8L, (8)) forall A e (2™ (EG ()", @
N——
<5 (H)

i.e. a constant hyperoperation returning the (iterated) singleton of S at the required level.  Meta—operations are lifted by

&) (1,-4(8)) = (8 I({1mu(m) | TR S) } ) € 27 (UY).
Then for every label { and every tuple Se (U(‘Y))‘W one has the exact identity

l_y_n(cbgs) (S) ) = CDE”( 1s5¢(S) ) as elements of P (Um). ®)
Hence IMSH strictly generalizes MSH (the case t=1).

Proof. The definition (4) yields a well-typed ®—superhyperoperation on the higher—level base Egl(H ) because its output lies in
Pm( Egl (H)) by construction of 8(). Injectivity of 1,_,; holds since distinct S produce distinct constants. Equality (5) follows from the
pointwise definition of <I>gt) as the image of ‘ID?) under 1;_y;; (MSH1)-(MSH2) are preserved because constant lifts commute with transport

along bijections of the base (they are defined via 80 only). Strictness is immediate: IMSH admits levels # > 1 which cannot be realized at
level 1 by definition of the ladder E§ (H). O

Theorem 2.44 (IMSH subsumes Iterated Meta—HyperStructure). Let MH® pe any Iterated Meta—HyperStructure of depth t whose objects
are (classical) hyperstructures (z@(Eg] (H)), o) of fixed arity k. Fix ® = (1,1,k). The assignment

&: MH"Y — MSH",  (2(E5 ' (H)),0) — (P(E5  (H)),:= o),
extended on meta—operations by
o) (X)) = {&(Y) | Ye¥!)(X) },
embeds MH") into MSH®) and obeys the exact identity
Fo <I>1(f> o0& = ‘Pg) Sforall ¢,
where F forgets the “super” label (F(2(X),*) = (2 (X),*)). Thus IMSH generalizes Iterated Meta—HyperStructure.

Proof. 1dentical to Theorem 2.37, carried out at base X = Eé)_l (H). O

3. Conclusion

We have introduced and studied the concepts of MetaStructure, Iterated MetaStructure, Meta-HyperStructure, and Meta-SuperHyperStructure.
These frameworks provide a systematic way of generalizing classical structures, hyperstructures, and superhyperstructures from a meta-level
perspective, allowing us to model increasingly complex hierarchies of mathematical objects and their interactions.

In future work, we plan to consider extensions that incorporate uncertainty and multi-valuedness by employing advanced set-theoretic
frameworks such as the Fuzzy Set [67-70], Intuitionistic Fuzzy Set [71-75], Vague Sets [16-78], Hesitant Fuzzy Set [79-81], Soft Set [82-85],
Picture Fuzzy Set [86-88], Pythagorean fuzzy set [89-91], Neutrosophic Set [92-97], and Plithogenic Set [47, 98—100]. Such extensions
may provide a richer and more flexible framework for handling vagueness, indeterminacy, and contradiction in meta-structural systems.

If ny < (¢ —s), precompose with (8¢~57"0))[0! on inputs and postcompose by §(*); in all cases the typing equality in (4) holds by design.
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